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^^ I We consider a one-dimensional diffusion process in a drifted Brownian potential. We 

r^ ' are interested in the maximum of its local time, and study its almost sure asymptotic 

C^ ' behaviour, which is proved to be different from the behaviour of the maximum local 

time of the transient random walk in random environment. 
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1 Introduction 

1.1 Presentation of the model 

Let K G M and 

W^{x) := W{x) - ^x, xE M, (1.1) 

where {W{x), a; G M) is a standard two-sided Brownian motion. A diffusion process 
(X(t), t > 0) in the random potential W^^ is formally defined by 



X{t)=m-ll^W'^{X{s))ds, 



where (/3(t), t > 0) is a Brownian motion independent of W,^. The precise meaning of X is 
a diffusion process starting from 0, and whose conditional generator given VF^ is 

2 dx \ dx 

The law of X conditionally on the environment PV^ is denoted by P^, and is called the 
quenched law. The annealed law P is defined as follows: 

¥{■):= J PU-MW^e duo). 

The diffusion X is known to be a continuous time analogue of random walks in random 
environment (RWRE), which have been used in modeling some phenomena in physics and 
biology (see e.g. Le Doussal et al. ^3)- ^^^ Revesz (21] and Zeitouni j321) for background 
and general properties of RWRE. Such diffusions, introduced by Schumacher [21] and Brox 
[U^, have been studied for example by Kawazu and Tanaka [T7], Hu et al. [12], Mathieu |20j , 
Carmona [7] , Taleb [22] and Devulder jlOj . For a relation between RWRE and the diffusion 
X, see Schumacher |2l] . 

In this paper, we consider the transient case, that is, we assume that k, ^ 0. Notice that 
by symmetry we may restrict ourselves to the case k, > 0. In this case, limt_++oo X{t) = +oo 
P-almost surely. 

The purpose of this paper is to study the almost sure asymptotics of the supremum L*-^ of 
the local time of X. See Shi [21] for some results about the upper asymptotics of L*j^ in the 
recurrent case k = 0. Corresponding problems for RWRE have been studied, for example, 
in Revesz ([21], Chapter 29), Gantert and Shi [T2], Shi [2E], Hu and Shi P^, Dembo et 
al. [^ and Andreoletti pp. In particular, the study of the maximum local time gives a better 
understanding of the concentration of the process on its favorite sites. 



1.2 Results 

We denote by {Lx(t,x), t > 0, a; G M) the local time of X, which is the jointly continuous 
process satisfying, for any positive measurable function /, 

pt r+oo 

fiX{s))ds= f{x)Lxit,x)dx, t>0. (1.2) 

Jo J -oo 

We are interested in the maximum local time of X at time t, defined as 

L*xit) ■.= snpLxit,x), t > 0. 

Let 

H{r) := inf{t > 0, X{t) > r}, r > (1.3) 

be the first hitting time of r by X. We recall that there are three different regimes for H: 

Theorem 1.1 (Kawazu and Tanaka, JT7J) When r tends to +cxd, 

H(r) c 



cqSI\ < k < 1 
Hir) p. 



r logr 
Hir) a.s. 4 



4, /€=1, 

4 

K > 1, 



r K — 1 

where Cq is a finite constant depending on k, the symbols " — > " , " — '-^ " and " — ^ " denote 
respectively convergence in law, in probability and almost sure convergence, with respect to the 
annealed probability P. Moreover, S"™ is a completely asymmetric stable variable of index k, 
and is a positive variable for < k < 1 (see (|3.13|) for its characteristic function). 

The first set of our results gives a precise description of the almost sure asymptotics of 
L*x along the first hitting times. 



Theorem 1.2 For k > 0, 



2\ 1^ 



ito„j_^kHi)) =4(^1 

r^+00 (r/ log log r)^/'' \2 



Theorem 1.3 Let n > 0. For any positive nondecreasing function a{-), we have 

v^ 1 f < 00 , L*iH(r)) r 

>^T^i , ^^limsup ,^; ,;;^ = <^ , F-a.s. 

^ na{n) y =+00 r-^00 [ra{r)YI'^ y +00 



n=l 



If we consider L\{t) instead of L\{H{r)), the situation is considerably more complex, 
and heavily depends on the value of k. We start with the upper asymptotics of L*x{t): 

Theorem 1.4 IfO<K<l, then 

L*x{t) 
limsup = +00 F-a.s. 

Theorem II .41 tells us that in the case k < 1, the maximum local time of X has completely 
different behaviour from the maximum local time of RWRE (the latter is trivially bounded 
by t/2 for any positive integer t, for example). Such a peculiar phenomenon has already 
been observed by Shi [21] in the recurrent case, and is even more surprising here since X is 
transient. 

Theorem 11.51 gives, in the case k > 1, an integral test which completely characterizes the 
upper functions of L*(t), in the sense of Paul Levy. 

Theorem 1.5 Let a(-) be a nondecreasing function. If n > I, then 



CO _ 



n=l 



limsup-f — , = < F-a.s. 



na{n) \ = +00 t~*oo [ta(t)]V« [ +00 



This is in agreement with a result of Gantert and Shi Jzj for RWRE. 
We have not been able to settle the very delicate critical case k, = 1. 
We now turn to the lower asymptotics of L*{t). 

Theorem 1.6 We have 

L* (t) 
liminf ,,^, < k^Ci{k,) F-a.s. if < k < 1, 



t— >oo 



t/ log log t 



L* (t) 1 

liminf— 7- ^f^- 7 < - F-a.s. if /t = 1, 



t— »oo 



t/ [(log t) log log t] - 2 



2\ lA 



L*x{t) f(K-l)K^ , 

liminf , ,^ r \,, = 4 ^ ^ F-a.s. if k > 1, 

i-00 (t/loglogt)i/'= V 8 / 

where Ci(k) is defined in (|5.12p . 

Theorem 1.7 We have, for any e > 0, 

L* (t) 
liminf—— ,,, /^ , ,,,,,, , = +00 F-a.s. if < k < 1. 



t— »oo 



t/[(logt)V'=(loglogt)(2A)+^] 



In the case < k < 1, Theorems 11.61 and 11.71 give different bounds, for technical reasons. 

The paper is organized as follows. We give some preliminaries on Bessel processes in 
Section 121 In Section 13 we present some technical lemmas which will be useful later on; the 
proof of one of the technical lemmas (Lemma IH.Hj) . is postponed until Section IHl Section |3] 
is devoted to the study of L*x{H{r)) and the proofs of Theorems 11.21 and II. HI In Sectional 
we study L^^ [/7(r)]/if(r) and prove Theorems ll.6flT^ Finally, Section El is devoted to the 
proof of Lemma 13.31 

Throughout the paper, Cj, < z < 57, denote unimportant constants that are finite and 
positive. 

Acknowledgements. I would like to thank Zhan Shi for his help and advice. 

2 Preliminaries on Bessel processes 

For any Brownian motion {B{t), t > 0) and r > 0, we define the first hitting time 

asir) := inf{t > 0, B{t) = r}. 

Moreover, we denote by {LB(t,x), t > 0, x G M) the local time of B, i.e., the jointly con- 
tinuous process satisfying f^ f{B{s))ds = f_^ f{x)LB(t,x)dx for any positive measurable 
function /. We define the inverse local time of B as 

Teia) := inf {t > 0, ^^(t, 0) > a}, a > 0. 

Furthermore, for any 6 > and x > 0, the unique strong solution of the stochastic differential 
equation Z{t) = x + 2 J^ ^yz{s)d(3{s) + 5t, where (/?(s),s > 0) is a Brownian motion, 
is called a ^-dimensional squared Bessel process starting from x. A (5-dimensional Bessel 
process starting from x is defined as the (nonnegative) square root of a (5-dimensional squared 
Bessel process starting from x^. We recall some important results. 

Fact 2.1 (first Ray-Knight theorem) Consider r > and a Brownian motion {B(t), t > 0). 
The process (LB(o"B(r),r — x), x > 0) is a continuous inhomogeneous Markov process, start- 
ing from 0. It is a 2-dimensional squared Bessel process for x G [0,r] and a 0-dimensional 
squared Bessel process for x > r. 

Fact 2.2 (second Ray-Knight theorem) Let r > and {B{t), t > 0) be a Brownian motion. 
Then {LB{TB{r),x), x > 0) is a 0-dimensional squared Bessel process starting from r. 

Fact 2.3 (Lamperti representation theorem \1S^ ) Consider W,i{x) = W{x) — k.x/2 as in 
(II. 1|) . where (iy(x), x > Q) is a Brownian motion. There exists a (2 — 2k) -dimensional 
Bessel process {p{t), t > 0), starting from p(0) = 2, such that exp[WK(t)/2] = p{A{t))/2 for 
all t > 0, where A{t) = J^e^^'-'Ms. 



See e.g. Revuz and Yor (|22]; chap. XI) for more details about Ray-Knight theorems and 
Bessel processes. We also recall the following extension to Bessel processes of Williams' time 
reversal theorem (see Yor [3TJ, p. 80). 



Fact 2.4 One has, for 5 <2, 

{RsiTo - s), s <To) = (i?4_5(s), s < 7a), 

where = denotes equality in law, {Rs{s), s > 0) denotes a 6 -dimensional Bessel process 
starting from a > 0, Tq := inf{s > 0, Rs{s) = 0}, {R4-s{s), s > 0) is a {4 — 6) -dimensional 
Bessel process starting from 0, and •ja '■= sup{s > 0, R^-si^s) = a}. 

3 Technical estimates 

We first introduce 



A{x) := f e^-^y^dy, x E 

Jo 



This is a scaling function of X. Notice that, since k > 0, A{x) — > A^o < C)0 when x -^ +oo. 
For technical reasons, we introduce the random function F, defined as follows. Notice 
that the function x ^— *> A^o — A{x) is almost surely continuous and (strictly) decreasing. 
Hence for every r > 0, there exists a unique F(r) G M, depending only on the process W^, 
such that 

A^ - A{F{r)) = exp(-fi:r/2) = S{r). (3.1) 

The following lemma is proved in Devulder ^]. It describes how close F(r) is to r for 
large r. 

Lemma 3.1 Let k > 0, < 6o < 1/2 and 

Ei{r) := I M - -r-^A r < F{r) < (l + -r-^Ar\. (3.2) 

Then for all large r, 

P(^i(r)') <exp(-r^~25o/4^_ ^33) 

Hence, for any e > 0, we have, almost surely for all large r, 

(l-e)r < F(r) < (l + e)r. (3.4) 

Let r > 0. With an abuse of notation, we denote by Xo0^(^) the process (X(if(r) + t) — 
r, t > 0). Conditionally on W^, this is a diffusion in the potential {Wn{x+r) — Wn{r), x G M), 
starting from 0. Moreover, we introduce HxoeH(r)i^) '■~ -^(^ + '^) ~ H{r). Similarly, we 
denote respectively by FxaSnir)' ^*Xoe„ ^ > (-^ ° -^)xoe^(^) the processes F, L* and H o F for 
the diffusion X o QH{r), with {L*)x '■= L\. The following lemma is a modification of the 
Borel-Cantelli lemma. 



Lemma 3.2 Let n > 0. Let f : (0, +oo)^ ^ M. be a continuous function, and (A„)„>i be a 
sequence of open sets in R. Let a > 0, r„ := exp(n'^) and Rn := ^^=1 ^k- If 

Y,^{f[{H o F)(r2„), {1*^0 Ho F){r2n)] G A J = +oo, (3.5) 

n>l 

then for any e > 0, there exist almost surely infinitely many n such that for some t^ G 

[(1 -e)r2n,{l + e)r2n], 

In the rest of the paper, we define, for 6i > 0, 

A:=4(l + «:), C2:=2{X/^Y\ ^±(r) := 1 ± ^, ^^(r) := ^M>. (3.5) 






<5i' "^^■^- X 



Moreover, if (/5(s), s > 0) is a Brownian motion and f > 0, we define the Brownian motion 
(/3^,(s), s > 0) by Py{s) := {l/v)P{v'^s). We also introduce 



/■+00 
x^/''-^Lp{Tp{X),x)dx, 0</«<l, (3.7) 

Jo ^ Jl X 

We prove in Section IHl the following approximation. 

Lemma 3.3 Let e G (0,1). For 5i > small enough, there exist a Brownian motion 

{f3{t), t > 0) and a constant C3 > such that the following holds: 

(i) For K, > 0, some a > and all large r, we have F{E2{r)} > 1 — r^", where 

E2{r) := {(l-£)L_(r)<L^[iJ(F(r))]<(l + e)L+(r)}, (3.9) 

L±(r) := 4[«:t±(r)]V- sup [A^(,)(n)]i/'^ = 4 sup [t^l3{u)Y'\ (3.10) 

0<«<r^,^(,,)(A) 0<«<r^(Ai±(r)) 

(ii) For < K < 1, some a > and all large r, we have P{£'3(r)} > 1 — r~", where 

Esir) := {(l-£)/l(r)<i7(F(r))<(l + £)/+(r)}, (3.11) 

f 4«:V-2t^(r)i/«{ir^ ^^^(^) ± C3t±(r)i-i/-}, < /c < 1, 

/+(r) := < (3.12) 

\ 4t±(r){C^^^^^,+81ogt±(r)}, «: = 1. 

In the proof of Theorems 11.61 11.71 and 11.41 we will frequently need to study the almost 
sure asymptotics of the first hitting times H[-). The following results are proved in Devulder 

uni- 

6 



Theorem 3.4 Let a(-) be a positive nondecreasing function. IfO<K,<l, then 

H(r 
- i <^=^ lim sup — 

na(n 



' J nnlt 



n=\ 





+00 



P-a.s. 



= +00 ,.^00 {ra{r)\^l>' 

If K = 1, the statement holds under the additional assumption that lim sup^,_^^o^ -^^ < 00. 
Theorem 3.5 IfO<K<l, then 



lim inf 



H(r) 



where the value of C4^{k,) is given in Devulder IIU^ . 
If K, = 1, then 



cAk 



F-a.s., 



r H[r) 

lim inf— =4 W-a.s. 

r^+ao r log r 



We also recall the following formulas. For < k < 1, we denote by S"™ a (positive) com- 
pletely asymmetric stable variable of index k. Moreover, let Cg" be a completely asymmetric 
Cauchy variable of parameter 8. Their characteristic functions are given by: 



Eexp(it5™ 



Eexp(2tCj 



ca\ 

8 J 



exp 



exp 



,7r/€. 



|tp(l-isgn(t)tan(— ; 



-8 I \t\ +it-\og\t\ 

71 



(3.13) 



The rest of this section is devoted to the proof of Lemma 13.21 The proof of Lemma 
is postponed to Section IHl 

Proof of Lemma 13. 2L We follow the proof of Lemma 4 in Devulder [TO]. We divide M+ 
into some regions in which the diffusion X will behave "independently", in order to apply 
the Borel-Cantelli lemma. 

Let n > 1 and let 



EAn) 



It is proved in [10^ that 



inf 

t: H{R2n^l)<t<H{R2„+r2„+i/2) 



X{t) > i?2„-2 + -r2n-l } ■ 



j2nE, 



nr) < 00. 



(3.14) 



n=l 



We introduce 

^n := |3t„ e [(1 - e)r2n, (1 + €)r2n], 



/[^Xo0H(fl2„_j)(in), {L* O H)xoe„^R^^_^){tn)] ^ A„ | 



s 



K 



.-So 
' 2ra 



^2n < FxoBh 



(fl2n-l) 



[r2n) < ( 1 + -r^n' I r2n 



5 

K 



Define t„ := -Fxo0„,„ >(^2n), and notice that 

P„ n E,{n) D [f[Hxoe,,,^^_JQ, {L* o H)xoe,,,,^„_jL)] E A„} n E,{n) n £:„. (3.15) 

By assumption, Y.n^{f[HxoeHiR2,^_^)(tn),iL* o H)xoe„(^i,^^_^)(tn)] G A„} = oo. Moreover, 
X o QH{R2n-i) is a diffusion process in the potential Wk,{x + R2n-i) — Wn{R2n-i), a; G M, 
hence P(^„) = P(Ei(r2„)). In view of dnH, (j^TT^ and Lemma EIH this gives Y.^m^i'^ri n 
E/iiji)) = +00. 

Since P„ fl E^{n), n > 1, are independent events. Lemma [3.21 follows by an application 
of the Borel-Cantelli lemma. D 

The proof of Lemma 13.31 is postponed to Section IHl 

4 Proof of Theorems 11.21 and IIJSI 

4.1 Proof of Theorem 11.31 

Let Tn '■= e" and i?„ := Yl^=i''^k- Let a(-) be a positive nondecreasing function. We begin 
with the upper bound in Theorem 11.31 

According to Formula 4.1.2 of Borodin and Salminen [Sj, 

P( sup /3(t)<y| =expf-^y t; > 0, y > 0. (4.1) 

\o<t<Tfi{v) J \ ^yj 

In particular, for L± which is defined in ()3.10p . and any positive y and r. 



P('L±(r) < (yr)^M =P 



sup /3t±(r-)(M) < .^ , . s 

0<u<r, (X) 4-/€t±(r) 



exp 



2y 



(4.2) 
This together with Lemma f3.3l gives, for r large enough, since 1 — e ^ < x for all x G M, 



P [L\[H{F{r))] > {ra{e-^r)Y^^\ < 1 - exp ( - 



{l + e)^KH''i/j+{r)\ 1 



2a(e ^r) y (logr 



^2 



a(e ^r) (logr)^ 

Assume Xln:^ ^^17^ ^ ^^' ^^ich is equivalent to Xln:^ ^771 < oo. As a consequence, we 
have Y.t=i^{L*x[HiF{rn))] > [rna(r„_2)]^/''} < oo. By the Borel-Cantelli lemma, almost 
surely for all large n, L*j^[H{F{rn))] < [^n'^(^n-2)]^^'^- On the other hand, r„_i < -F(r„) 



almost surely for all large n (see ()3.4|) ). As a consequence, almost surely for all large 

L*x[H{rn-i)] < [rna{rn-2)Y'^. Let r G [r„_2,r„__i]. Then 

Consequently, 



n, 



limsupfi|^<e^/'' 



^-a.s. 



(4.4) 



Since Yl,n=i eaL^) ^^ ^^^° finite, (j4.4p holds for a(-) replaced by ea{-). Letting e ^ yields 
the "zero" part of Theorem 11.31 

Now we turn to the proof of the lower bound. Assume J2n=i ITTTI ~ +cx3. Observe that 
we may restrict ourselves to the case a{x) — > +oo when x ^ +oo. 

By an argument similar to the one leading to ()4.3|) . we have, for r large enough. 



2^N\l/« 



¥\L*x[H{F{r))] > {ra{e^r)) 



> 



C5 



2a(e^r) (logr)^' 



which implies ^^=1 ^ {(-^x ° H o F)(r2„) > [r2nO'i''"2n+2)]^^ '^} = +oo. By Lemma IH721 almost 
surely, there exist infinitely many n such that 



sup {L* oH)xoeH,R, ^At) > [r2na{r2n+2)] 

te[(l-£)r2„,(l+e)r2„] 



1/k 



For such n, we have supjg[(i_£)^2^ (1+^)^2^] L*x[H{R2n-i+t)] > [r2na{r2n+2)Y^''- Consequently, 

L*xiH{R2n-l+t)) 



tG[(l-e)r2„,(l+£)r2n] [(-^2™-! + t)a(i?2n-l + t)^/'^ 

almost surely for infinitely many n, which gives 



> C6, 



LUHir)) 
limsup - — , > Cg P-a.s. 
r^+oo [ra(r)jv« 

Replace a(-) by a{-)/e, and let e ^ 0. This yields the "infinity" part of Theorem 11.31 D 



4.2 Proof of Theorem [O] 

By Lemma f3. 31 and ()4.2|) . for every positive function g and large r. 



P 



L;,[i^(F(r))] < 



9{r) 



1/k.' 



< 



exp 



fi:^4''(l — eY'ilj_{r-)g{r) 



(logr)2 



(4.5) 



We choose g{r) := ^a4^(i_g);.+i^_(^) log log r. Let s„ := exp(n^"^). As a consequence, 

1/k] 

< oo. By the Borel-Cantelli lemma, almost surely 



EZi^ 



L*^[H{F{s^))]< 



9{Sn) 



for all large n, 

L*^[H{F{s„))] > [sJg{sn)Y'\ 

On the other hand, by Lemma [3 .11 s„ > F(s„_i) almost surely for all large n, which implies 
that, for r G [s„,Sn+i], 



L3,[ff(r)] > L3,[/7(F(.„_0)] > K_i/(7(s„_0]'/'' > {l-e)[rlg{r)] 



iiA 



since s„_i/s„+i — > 1 as n ^ +cx). Consequently, 

liminf , ,,^\ ^ \^^, > 4 
r^oo (^r/ ioglogrj^''^ 



2\ l/« 



P-a.s. 



Now we prove the inequality "<". Let r„ := exp(r7,^+'^), i?„ := ^^^^ r/j and g{r-) 
K^A-ii+eY+^-ip+ir) log log ^- % Lemma O and dOJ, for all large r. 



P 



Li[/7(F(r))] < 



^l'^; 



I/k 



> exp 



K^4''(l + £)"■?/'+ (T)5'(r) 



Therefore, ^„>i P 



L%,[H{Fir,r.))] < 



r2n 



9{r2n) 



1/k 



(logr)2 
+00. It follows from Lemma [3.21 that. 



almost surely, there are infinitely many n such that 

inf (L*oH)xoe„,,,^_Jt)<( 



r2r, 



tG[(l 



g[r 2n 



1/re 



On the other hand, an application of Theorem 11.31 gives that almost surely for large n, 
L\{H{R2n~i)) < [i?2n-ilog'i?2n-i]'/" < s (^) ' \ siucc R^ < pVp < p exp{-p')rp+^ for 

/ \ 1/k 

p large enough. Therefore, mit(z[(^i_e)r2n,a+e)r2„] L*x[H{R2n-i+t)] <{l + e) i^^) almost 



surely, for infinitely many n. Hence, for such n, 



inf 



ie[(l-e)r2„,(l+e)r2„] [(i?2n-l + t)/ log log(i?2n-l + t)V^' 

This yields 



<{l + cre) 



KH-Mr2n] 



1/k 



, L*y(H(r)) IK 

liminf , ,,^\ ^ , , , < 4 — 
r^+oo (r/ log log r)^/'' \2 



2\ lA 



p-a.s., 



proving Theorem 11.21 



D 
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5 Proof of Theorems ll.6Hl.4l 

Proof of Theorem 11.61 case n > 1. Follows from Theorems 11.21 and 11.11 D 

Proof of Theorem 11.51 Follows from Theorems 11.31 and 11.11 D 

We now assume < k < 1 , and prove Theorems 11.61 11.71 and 11.41 Unfortunately, there is 
no almost sure convergence result for H{r) in this case due to strong fluctuations; hence a 
joint study of L*x{H{r)) and H{r) is useful. Section EIU is devoted to the proof of Theorems 
11.6111.71 and ll.41 in the case < k < 1, whereas Section 13^ to the proof of Theorems 11.61 and 
11. 71 in the case k = 1. 

We first prove a lemma which will be needed later on. Let (5i > and recall L±{r) 
from dSmi). 

Lemma 5.1 Let E^{r) := {L_(r) = L_|_(r)}. For all 62 G (0,(5i) and all large r, we have 

P[^5(r)T <r-^\ 

Proof. Observe that 

^ ^ (L+{r)\ ^ / ^^'?0<u<T~{[i,+ (r)-i,^(r)]Kr}P{u)\ 

1 < ^— - < max 1, — , (5.1) 

\L^[r)J \ ^^Po<u<Tp{tP-{r)K.r)P[U) I 

where /5(u) := l3{u + r^ [■?/'_ (r)fi;r]), n > 0, is a Brownian motion independent of the random 
variable supo<„<T-„(^_ (r)Kr) Pi'^)- By (jl.ll) and the trivial inequality 1 — e~^' < x (for x > 0), 

p( sup /3{u) > [ip+ir] - '4j_{r)]Kr^+^A < ^, 

\0<u<T~^{[ip+ir)-ip-{r)]Kr} J 2r 2 

P| sup PiuXti^] = e-^^^°-- ' 



0<«<T^(i/)_(r)Kr) 



462 log r / r^-^z 



By definition, ip±{r) = l±C2r "^^ (see (|3.6|) ). Therefore, we have, for large r, with probability 
greater than 1 — r^^, 

suPo<„<r^{[^+(r)-v._(r)]Kr}/5(«) [^+(r) - V). (r)]Kr^+'^2 ^ Sc2S2r^'-^^~^^hogr 
suPo<n<r^(^_(r)Kr)/5(«) ~ f/;- (r)fi:r/ (4^2 log r) l-csr--^! 

which, combined with (|5.ip . yields the lemma. D 
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5.1 Case < «: < 1 

This section is devoted to the proof of Theorems II .6[ [LTI and ITT^ in the case < k < 1. 
For any Brownian motion /3, let 

^ /;-xV-^L,(r,(A),x)dx 

Kfj (k) 

SO that in the notation of (jSHI), dSH) and dSHI, A^/J^^^ = 4[ft:t±(r)]^/'-^ 1^' . 

On E2{r) (lEslr) r\E^{r) (the events E2{r) and E^{r) are defined in Lemma f3 .31 whereas 
E^[r) in Lemma f5 .11) . we have, for some constant Cg and all large r, 

/7(F(r)) ^ 4«:V-2^_(r)V«(l-e){ir^^_^^,^(«:)-C3t-W'-'/n 



L*^[H{F{r))] - {l + e)L^{r) 

Similarly, on E2{r) fl E^i^r) fl E^i^r), for some constant cg and all large r, 

^^^(^)) <(l + 3.)^ + c.^. (5.3) 



L;,[if(F(r))] - ^ ' K^ L^{r) 

Define E6(r) := {f^ < e, ^^ < e}. By (jOl), P(E6(r)') < l/r^ for large r. Thus 



¥{E2{r) n E3(r) n E^{r-) <r\E^{r)}>l- r"°i for some ai > and all large r. In view of (jOjl 
and ()5.3p . we have, for some ai > and all large r. 

We now proceed to the study of the law of Np. By the second Ray-Knight theorem (Fact 
there exists a 0-dimensional Bessel process f/, starting from vA, such that 



(L^(r^(A),x),x>0) = 


= {U\x),x>0), 


(5.5) 


sup I3{u) = 

0<«<-r^(A) 


= inf{x > 0, f/(x) = 0} =: Ct/, 


(5.6) 


Np -- 


Jo 


(5.7) 



By Williams' time reversal theorem (Fact|231), there exists a 4-dimensional Bessel process 
R, starting from 0, such that 

(f/(Cc7-t), t<Cu) = {R{t), t < 7„), a := VX, 7, := sup{t > 0, R{t) = VX}. (5.8) 
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Therefore, 



Jo Jo \ \/7a 



Recall (Yor JSTl, p. 52) that for any bounded measurable functional G 

E 
In particular, for a; > 






E(^-j^^GiRiu),u<l) 



F{Nf3 > x) =E 



i?2(l) '^Uoi^-^y/^-^RHv)>iv>x}J ■ 



(5.9) 



(5.10) 



5.1.1 Proof of Theorem 11.71 (case < /t < 1) 

Fix y>0. By ^J^, 



[;>!/ log log r, -R2(1)<1} 



P(iV^>l/loglogr) < E (^-^l^j-^i(,_^)i/„._,^,(„),„. 

+2P ( / (1 - vy^''-^R^{v)dv > yloglogr j 

:= ni(r)+n2(r) (5.11) 

with obvious notation. 

We first consider n2(r). Let Cq denote the set of continuous functions : [0,1] -^ M, 
such that 0(0) = 0. By Schilder's theorem (see Dembo and Zeitouni [S], p. 185), 

lim — — logpf / (l-vV/''-^R'^(v)dv>y\og\ogr] 

r^+ocyloglogr \Jo J 



inii- 



{vfdv : e Co, / (1 - vY/''-^(t)\v)dv >1> := -Ci{k). (5.12) 



For e Co, 4>\v) = (/;0'(M)dM)2 < vJ^cP'iuYdu; thus ^'(1 - vy/''~^(t)\v)dv < [^'(1 - 

vY^'^~'^vdv] Jq 0'(v)^dv, which implies Ci(/t) > 0. 
By ()5.12p . for large r, 

n2(r) < j: ,,, , .. . (5.13) 

(logr)(i~=)j^'=i('^) 

Now, we consider Ili{r). As i? is the Euclidean norm of a 4-dimensional Brownian motion 
(7(^)7 t > 0), we have 



Ui{r) -E ( ||^^^^|||2l{||7{l)ll<l}l{^l(l-^)l/«-2||7(^,)Pd^,>^/loglogr}J ' 
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where || ■ || denotes the Euchdean norm. By the triangular inequahty, for any positive 

measure /i on [0,1], \/ Jq hiv)\\'^d^i{v) < ^J J^ \\-f{v) - v-f{l)Pd^i{v) + ^J J^ v'^d^i{v) \\-f{l)\\. 
Therefore, 

ni(r) < E (^||^^^^^|||2l{/ol(l-^)l/«-2||7W-^7(l)iPd^,>{V^/loglogr-Clo)2}J '= ^ y 7(1) || 2 ""-^ 

By the independence of 7(1) and (7(f) —^7(1), v G [0, 1]), the expectation on the right hand 
side is = E( ,| ,^.p )F{E) = F{E) (the last identity being a consequence of ()5.9p by taking 
G := 1 there). Therefore, Ui{r) < ¥{E). 

Again, by the independence of 7(1) and (7(f) — "^^7(1), v G [0, 1]), we see that, by writing 
cii := 1/P(||7(1)|| < 1), Ui{r) < Cn P(E, ||7(1)|| < 1). By another application of the 
triangular inequality, this leads to: 

ni(r) < Cii P ( / (1 - vY/^-^Mv)fdv > (Vyloglogr - 2ciof\ ■ 

In view of fl5.12|) . we have, for all large r, Ili{r) < (\ogr)~'^^~'^^'^^'^^'^\ Plugging this into (JS.III) 
and ()5.13|1 yields that, for any y > 0, e > and all large r, 

o 

F{Ni3 > y log log r) < 



(logr)(^~^)2/ci(K) ' 



Let Sn '■= exp(n-'^ ^). In view of ()5.4|) . we have proved that "^^=1 ^{ l* \h(f?s ))] ^ 



Tj34j^-7^1oglogs„} < 00. By the Borel-Cantelh lemma, almost surely, for all large 



n, 



< 



1 + Ae 






log log Sr 



(5.14) 



We now bound ^, j,^"+,y . Observe that for large n, Sn+i — Sn < n "^Sn- By Lemma ITT] 
almost surely for all large n. 



H{F{Sn+l))-H{F{Sn)) < H 

< H 



^1 + ~^n+l)^n+l 
-So 



H 



,J- S^ jSn 

K 



l--s-''>)sn + {2-e)n-'sr 



K 



H 



K 



inf <^ M > : X„(m) > (2 - 5)^-^5, 



(5.15) 



where {Xn{u), u > 0) is a diffusion process in the random potential W^ix) := W^^x + (1 — 
^s~^°)sn) — Wk{{1 — -s~^°)s„), X G M. It is natural to write the above identity as 



inf <^ M > : X„(m) > (2 - e)n-=s„ \ = H„{{2 - e)n-'sn]. 



(5.16) 
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Note that for any r > 0, under P, Hn{r) is distributed as H{r). Recall from Devulder f [TU] 
equation (3.5)) that 

F[H{F{r)) > {a{e~^r)t+{r)y/^] < 012/0(6"^) + (logr)-^. 

Therefore, applying this and Lemma [3.11 to r = 2n~'^s„ yields that, for any < (5o < |, 

5 



Hr,{[l- ^i2n~'snr'']2n~'sn ] > [nilognY+H+i2n~'s,^^'/^ 



< 00. 



n 

Since [1 — -(2?T,~^Sn)~^°]2n~^s„ > (2 — e)n~^Sn (for large n), it follows from the Borel-Cantelli 



lemma that, almost surely, for all large n, Hn{{2 — e)n ^s„) < [n(logra)"^"'"^t+(2n ^s^)]^'". 
This, together with ()5.15p and ()5.16p . yields that, almost surely, for all large n, 

H{F{sn-,i))-H{F{sn)) < [n{\ognf+H+{2n-'sr,)Y/^ < Cl3K-^(logn)l+^s„]^/^ 

Recall from Lemma l3.ll and Theorem 13.51 that, almost surely, for all large n, H[F{sn)] > 

^[(1 - ^>n] > (iogi:g::)i/>.-i > which yields 

HiFjSn+l)) . ^ ^ Ci3h^~^(l0gn)l+^S„]V- 1/ U2+.)/.-l 

o-.p. XX < 1 + 17^7- -— — < Cl5 logS„ I loglogS„y +"^/ . 

H{F{sn)) ci4sy7(loglogs„)V«-i 

In view of ()5.14|) . this yields that, almost surely, for large n and t G [H{F{sn)), H{F{sn+i))], 



t 

< 



H[F{Sn)] H{F{Sn+l)) ,, \1/k/, i \(2+e)/K 

^ rJ..' /\^i '. '. x( < Ci6(l0gS„)^/'"(l0gl0gS„)^^+^^/'". 



L*^it) - L\[H{F{s^))] H{F{s^)) 

Since, almost surely for all large n, logif (F(s„)) > logif ((1 — £:)s„) > ^—^ logs„ (this is seen 
first by Lemma f3. 11 and then by Theorem 13. 5p . we have proved that 

L* it) 
liminf — ; . -, , -,^ , , ,^, ,, > Cy? P-a.s. 

t^+00 t(logt)-V«(loglogt)'(2+e)/K - 

Since e G (0, |) is arbitrary, this proves Theorem 11.71 in the case < k < 1. D 

5.1.2 Proof of Theorem 11.61 (case < k < 1) 

By fl5.1Up . for any s > and u > 0, 

r /" (1 - vf^'-^''R^{v)&o > s") - - P (i?2(l) > u) . 



2^ 
> -P 

u 
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The first probability term on the right hand side is taken care of by ()5.12|) . whereas for the 
second, we have MogP(-R^(l) > u) ^ — |, for u -^ oo. Taking u := exp(A/loglogr ) leads 

to: for any y > 0, 

. logP(A/'/3 > yloglogr) 
hmmi — > —yci[K). 

r^oo log log r 

Plugging this into (j5.4|) yields that, for r„ := exp(n^+^). 



^p 



n>l 



[HoF){r2n) ^ (l-3£)loglogr2„ 



+00. 



Let Rn '■= Ylt=i ^k- By Lemma fH. 21 (in its notation), almost surely, for infinitely many n 

[1 -8£:)loglogr2n 



sup 



^^oe^(H,_^)(M) 



«e[{l-£)r2„,(l+£)r2„] (L* O i/)xoeff(fl2„„i) 



> 



.u 



K'^CiiK) 



Observe that 



{L* o H)xoeH(n^^_^^{u) = sup Lj^^{Hn{u),x) =: L*~jHn{u)) 



(5.17) 



(5.18) 



where (X„(t>), f > 0) is a diffusion process in the random potential W^^x + R2n-i) — 
W,,{R2n-i),x G M, {Lj^^{t,x), t>0,xeR) is its local time and ^„(r) := inf{t > 0, Xn{t) > 
r}, r > 0. Hence, for any n > 0, under P, the left hand side of ()5.18|) is distributed as 
L\[H{u)). Applying ()4.5p and Lemma EH] to r2„ := (1 — £:)^r2„, there exists Cig > such 
that 

L\ (i/„|(l + -(r2„)-*')r2„|) <Ci8|r2„/loglogr2,Ji''« 



E' 



< 00. 



Since (1 + -{r2n) ^'^)f2n < {)- — ^)f2n for large n, the Borel-Cantelli lemma gives that, almost 
surely, for all large n. 



Ci8[r2jloglogr2„]^/'^ < L\ /7„[(1 - e)r2n] < L*~ {K^{u 



(5.19) 



for any m G [(1 — e)r2n, (1 + ^)^2n]- Applying Theorem II. 3[ we have almost surely for large n, 

L\[H{R2n-l)] < [i?2n-ll0g'i?2„-l]'/" <^[r2„/l0gl0gr2„]^/^ < (^/Cis)^ (^n(w)) 

for u G [(1 — e)r2n, (1 + s)r2n], since Rk < kexp{—k^)rk+i for large k. Hence, 

L\[H{R2n-i + u)] < (1 + e/ci^)L\^ (^n(n)) . (5.20) 

On the other hand, by Theorem 13.41 and Lemma f3. 11 we have, almost surely, for all large n, 
loglogrsn > (l-e)loglogi7(i?2n-i + M), u G [(l-e)r2„, (l + £:)r2„]. 
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Consequently, almost surely for infinitely many n, by ()5.20p and ()5.17|) . 



inf 



L*x{Hiv)] 



e[/?2n-l+(l-£)r2„,K2n-l + (l+£)r2n] H (v) / \Og\Og H (v) 



< (l + cige) 



inf 



(L* o H)xoe„ 



{«2n-l) 



U 



u&[{l-e)r2„,{l+e)r2n] Hxoe„^R2^_^^iu) / hg\ogr2n 

proving Theorem 11.61 in the case < k < 1 . 



< (1 + C20e)K Ci(/t), 



D 



5.1.3 Proof of Theorem HH 

Assume < k < 1. Fix x > 0, and let r„ := exp{n^'^'^). Since P(A^/3 < x) > 0, ()5.4|) implies 
EneN^ ((ifSfet) < ^^ + ^) = +°°- ^y Lemma HI almost surely, for infinitely 



many n. 



inf 



^^°0«(«2„-i) H ^ (1 + 3g)x ^ ^ 



«e[(l-e)r2„, {l+e)r2„] (L* O H) XoeH(R2^_,)i'^ 



(5.21) 



With the same notation as in (15.181) . HxoSHtn ^M = H(R2n-i + u) — H(R2n-i) is the 

hitting time Hn{u) of u by the diffusion Xn- For any u, under P, it has the same distribution 
as H{u). Recall from Devulder (jTU] equation (3.10)) that 



¥[H{F{r)) < t-(r)^/''/(r)] < exp 



-(C21 -£) 



(1 - e)c22 



J(r) + C23ri-iA 
Hence, applying this and Lemma ITT] to r2n = (1 — £^)^^2n leads to 



k/(1-k)' 



+ log r. 



Ep 



ff„ (1 + -(r2j""")r2,. < rJ^V'ogrj 



K 



,1/k 



< CX3 



(for < 5o < 1/2). Since (1 + -(^"271) )'"2n < (1 ~ ^)f2n for large n, it follows from the 
Borel-Cantelli lemma that, almost surely, for all large n. 



1/k ^ 

-^^2!^<iJ4(l-£)r2„]< inf Hxoe^.R, Au) 

logr2„ n6[(l-e)r2„,(l+e)r2„] ff(«2n-i) ^ 



On the other hand, by Theorem El if(i?2n-i) < [i?2n-i log^^2n-i]^/'' < ^'^^^ almost 
surely for all large n. Hence, for m G [(1 — s)'r2ni (1 + ^)'^2n], H{R2n-i + u) < (1 + 
e)HxoeHiR )(■")• Plugging this into (J5.2H) yields that, almost surely, for infinitely many n, 



inf 



uel{l-e)r2n, (l+£)r2„] L\{H{R2n~l + u)) 



H{R2n-i+u) (l + e)(l + 3e)x , ., , . 



K^ 



Hence limsup 



L-xH) 



t-,+00 — t — — 'It' ^■^- Sending x — > completes the proof of Theorem 11.41 D 
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5.2 Case k = 1 



In this section we prove Theorems 11.61 and 11.71 in the case k = 1 (thus A = 8). 
Let 



mt) ■■- 



1 



SUPo<„<r^(8) Piu) 



L^{rp{S),x)- 



-dx 



X 



+ 00 



MM8),x] 



X 



dx + 8 log t 



Exactly as in ()5.4|) . we have, for some ai > 0, any e G (0, \), and all large 



P( (l-3e)iV,,_,,Jt_(r)] < ;^^^ < {l + 3e)N,^^JU{r)]j > 1 ^^^ 



(5.22) 



where t±{-) are defined in ()H.(i|l . (Compared to ()5.4j) . we no longer have the extra "±£" terms, 
since they are already taken care of by the presence of 81ogt in the definition of Nf^[t)). 
With the same notation as in ()5.5p and ()5.6p . the second Ray-Knight theorem (Fact| 
gives 



mt) 



1 
1 



— ^^ dx+ / — ^dx + 81ogt 

L-'o ^ Ji "" 



X 

^^ uHx) 



X 







X 



-d2; + 81ogCc/ + 81ogt 



Proof of Theorem 11.71 (case k = 1) 

We have A = 8 in the case k = 1. Since sup^. 



x>0 



logx 



< oo, we have 



W Jo X 



-dx + 



81ogt 



^u 



We claim that for some constant C25 > 0, 



1, ^/l r^^ |f/2(a;)-8l 

limsup - logP —- / dx > y ] < — C25. 

y-+oo y \Cu Jo X 



(5.23) 



Indeed, Ct/ = supo<u<^ (§) /3(m) by definition (see ()5.6p ). which, in view of ()4.ip . implies 
that P(Ct/ > z) = 1 — e~^/^ < - for z > 0. Therefore, if we write p{y) for the probability 
expression at ()5.23p . we have, for any z > 0, 



/ X 4 ^ / 1 r^^ |f/2(x) 



-dx > y, Cu < z 



In the notation of ()5.8|) - ()5.9p . this yields 

_ 4 / 2 

In order to apply Schilder's theorem as in ()5.12j) . let G Cq. By the Cauchy-Schwarz 
inequality, |0(t)| < v^[/o 0'(u)^dM]^/^, and |0(1 — t) — 0(1)1 satisfies a similar inequality. 
Hence, 

Jo 1 - ^ Jo 1 - « Jo V 1 - M Jo 



Consequently, 



1 r' ,,, ,2^ , . /-M^^fwi-^^d 



C26 := infs ^ / («) dw : G Co, / ^ — ^j— -^du > 1 ^ > 0. 

Applying Schilder's theorem gives that lim supy^_,_(^ ^logP ij^ {-^ df > y) < — C26. 
Plugging this into ()5.24|1 . and taking z = exp{^y) there, we obtain the claimed inequahty 
in (JE2S1), with C25 := ^. 

On the other hand, by ()4.ip . 

P (^^ > 2(1 + 2.)(logt) loglogf) = ^j-ij^. 

Therefore, for all large t, 

2 



F{Np{t) >2(l + 3£)(logt)loglogt} < 



(logt) 



l+2e' 



Let Sn := exp(ni--). By ^EM, En^i P (z^f0^ > 2(1 + 3£)2(logsO loglogs„) < 
oo, which, by means of the Borel-Cantelli lemma, implies that, almost surely, for all large n, 



,, .^.p. <2(l + 3e)>g.„)loglogs.. (5.25) 

Now we give an upper bound for ^,^'^"+,y . By Lemma EIH almost surely for n large enough, 
F{sn) > (1 — £)sn- An application of Theorem 13.51 yields that, almost surely, for large n, 

HiF{sn)) > H[{1 - e)sn] > 4(1 - 2£)s„logs„. (5.26) 
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With the same notation and the same arguments as in ()5.15|) and ()5.16|) . almost surely 
for all large ra, H{F{sn+ij) — H{F{sn)) < Hn[{2 — e)n~^Sn]- Moreover, Hn{r) is distributed 
as H{r) under P for any r > 0. Recall from Devulder (pH] equation (3.8)) that 

P {H{F{r)) > 4t+(r)(l + 6)[8c27 + a{e-\) + 81ogt+(r)]} < C28vr/a(e-V) + (logr)-^. 

Hence, applying this and Lemma l3. II to r = 'sn '■= 2n~^Sn and a(e~^s'„) = 8ra(logn)^+^ for 
< (5o < ^, we get 



^p 



K 



l+e 



^n (1 - -iSny)^n > 32(1 + e)t+{Jn)[c29 + n(logn)^+^ + logt+(?„)] 



< oo. 



Since [1 — f (s„) ^°]sn > (2 — e)n ^s„ (for large n), the Borel-Cantelli lemma yields that, 
almost surely, for large n. 



Hn{{2 - e)n-'sn) < 32(1 + e)t+{2n~'sn)[c29 + n{\ogny+' + logt+(2n-^s„)]. 

Hence, H{F{sn+ij) — H{F{sn)) < C3os„(logSn)(logn)-'^+^. Consequently, almost surely for 
large n, 



H{F{s^-,i)) 



Let t e [H{F{sr,)), i7(F(s„+i))]. By I^M, 

H[F{sn)] H{F{sn+i)) 



< (C31 +£)(loglogS^ 



\l+e 



< 



L*^{t) - L*^[H{F{Sr.))] H{F{Sr,)) 



< 3C3i(logS„)(loglogSn 



v2+£ 



Since, almost surely for large n, \ogH{F{sn)) > log if ((1 — e)s„) > logs^ (by Lemma EH] 
and Theorem 13. 5|) . this yields 



lim inf 



L*xit) 



> 



t-+oo t/[(logt)(loglogt)2+-] - 3C3i 

Theorem II .71 is proved in the case k = 1. 



P-a.s. 



Proof of Theorem 11.61 (case k = 1) 



Again, A = 8. Recall that Nf}{t) = -^ J^;" ^ 7~ dx + 8 log Ct/ + 8 log t 



D 



. This time, we 



need to bound Npit) from below. Since C,u = ^'^Vo<u<Tf,(8) Pi'^)^ ^4.1|) gives for z > 8e 



P ( 8^^^ <-z]<F (Cu < ^°"^'/'^ 



By dHH) again. 



Cu J- V ^/^ 



P ( ^}pl > 2(1 - £)(logt) loglogt 



exp 



2log{z/8)J- 



(logt)i- 
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On the other hand, for all large y, P(^ ^^"^ ^-^^^^^dx > y) < e'^^^v (see ^^). Assembling 



these pieces yields that, for all large t 



¥[Np{t) > 2(1 - 2£)(logt) loglogt] > — -^ 



l-e' 



Let Tjj := exp(n^+^). In view of ()5.22|) and Lemma IT^ we get almost surely, for infinitely 
many n, 

sup , , ^"l"^"'"^"-^' "" , . > 2(1 -2e){1- 3£)(logr2.) log log r^.. (5.27) 

The expression on the left hand side of ()5.27|1 is "close to" H{r2n)/L*x[H{r2n)], but we need 
to prove this rigorously. With the same argument as in the displays between ()5.18|) and 
()5.19|) . we get that, almost surely, for large n, 

.U, ^'''^n^ . /^* ° ^)^°0«(H2„ 1)^") - C33r2n/l0gl0gr2„. 

Observe that Rk < kexp{—k'^)rk+i (for large k). Exactly as in the case < k < 1, we apply 
Theorem 11.31 to see that, almost surely, for large n. 



L*x[H{R2n-i)]<er2n/\og\ogr2n<{e/c33) inf (L* o H)xoeH<,R^^ ^^^ 

Me[{l-e)r2„,(l+e)-r2n] 



U 



which implies, for all m G [(1 — e)r2n, (1 + s)r2n], 

L\[H{R2n-i+u)] < {l + s/css)iL*oH)xoe,,,^,^_Ju). (5.28) 

By Theorem 13. 4[ almost surely for all large n, sup„£j(]^_£)^2„,(i+e)r2„] l*^S-^(-^2n-i + u) < 
{1 + e) logr2n. In view of ()5.27|) . there are almost surely infinitely many n such that 

inf ^-P(")l 



velR2n-i + il-e)r2„,R2n-i + il+e)r2n] H{v)/[{\ogH{v)) \og\ogH{v)] 

< (1 + C345) inf , ', ^(%n i)y ^<(i + c35e)/2. 

ne[(l-£)r2„,(l+e)r2„] Hxo0H^a^^_^^ [U) [(log r2„) log log r2„J ^ 

This proves Theorem ll.fil in the case k, = 1. D 



6 Proof of Lemma 13.3 



The basic idea goes back to Hu et al. [HI, but requires considerable refinements due to the 
complicated nature of the process x ^-^ Lx(t, x). 
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Let K > 0. Recall A{x) = J^ e'^'^^^-'dM, and A^ = liinj-^+oo A(x) < oo, a.s. As in Brox 
[H], the general diffusion theory leads to 

X{t) = A-'[BiT-\t))], t>0, 

where 5 is a Brownian motion independent of W, T{r) := J„ exp{— 2iyK[^^^(-B(s))]}ds for 
< r < (Tb{Aoo)i and A~^ and T~^ denote respectively the inverses of A and T. The local 
time of X can be written as 

Lx(t,x) = e-^-(^)LB(T-^(t),A(x)), t > 0, x G M (6.1) 

(see e.g. Shi jSEI- Let H[-) be the first hitting time of X as in p.H|l . Then 

r.A(r) 



i7(r) = r[(TB(A(r))] = /" ' e-2^''[^"'(")]LB(aB[A(r)],x)dx = i/_(r)+i/_t 

^ — oo 



where 



i7_(r) := I e-'^'=[^"'(")lLB{aB[v4(r)],x}da;, 

^ — oo 

if+(r) := / e-^^'^I^ (")]LB{aB[A(r)],x}d 
Jo 



In view of the first Ray-Knight theorem (Fact l?!T|) . it is more convenient to study L*x{H{r)) 
instead of L*x (t) . We consider 

L+{H{r)) := snp Lx{H{r),x) = sup {e-'^-^^^LB[aB{A{r)),A{x)]}. 

x>0 x>0 

Recall F from (jH.lll and notice that F{r) > on Ei{r). By the first Ray-Knight theorem 
fFact lTTj) . there exists a squared Bessel process of dimension 2, starting from and denoted 
by (-R|(t), t >0), independent of W^, such that 



LB{crB[A{F{r))],A{F{r)) - sA{F{r))} 



se[0,l]\ = (Rlis), se[0,l]). 



AiFir)) 
Therefore, 

'A{F{r))~A{x) 



L+[H{F{r))] = sup L-^-^''^A{F{r))Rl 

xe[0,F(r)] I 



AiF{r)) 



Moreover, by Lamperti's representation theorem (Fact 12. 3|) . there exists a Bessel process 
p = {p{t), t > 0), of dimension (2 — 2k), starting from p(0) = 2, such that for all t > 0, 
^w.{t)/2 ^ lp(A{t)). Now, let 

R2+2.{t):=p{A^-t), 0<t<A^. 
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By Williams' time reversal theorem (Fact 123)), R2+2K is a Bessel process of dimension (2+2/t;), 
starting from 0. Since A{F{r)) is independent of -R2, u i— > ^J A{F{r))R2{u/ A{F{r))) is a 2- 
dimensional Bessel process, starting from and independent of R2+2k- We still denote by 
i?2 this new Bessel process. We obtain 

r + rtx/r^/ ^M . Rl[A{F{r)) - A{x)] ^ Rjiv) 

L+[if(F(r))] =4 sup -i^ ^ ^ '' ^^ = 4 sup ^^ ^ 



xe[o,F(r)] /?i+2«[^oo - A{x)] ^,e[o,A(F(r))] i^i+s^l^oo - A{F{r)) + v] 

Doing the same transformations on H^{r) and recalling that A^o — A(F(r)) = b(r) 
exp(— /T;r/2), we obtain 

{L\{E{F{r))lE^\F{r)\) 
4 sup ^ ^^^ ,16 / ^ ^-^ ds 

v(i[0,A{F{r))\ Rl+2nW) + ^] >^0 ^1+2^ ['^('^) + ^1 

oLlL) ~^^ ^ XL) 



^e[0,5(r)-M{F{r))] i?i+2«[5(r) (1 + v)] Jo i?f+2K['^(^) (1 + «)] 

We still denote by R2 the 2-dimensional Bessel process u 1-^ —^=R2(6(r)u). We define 

R2+2.{u) = ^==R2+2.[S{r){l + u)], u>0. 

Notice that {R2+2k{u), m > 0) is a (2 + 2/T;)-dimensional Bessel process, starting from 
R2+2KiS{r))/^y5{r) and independent of i?2- 

Recall (Karlin and Taylor [16j p. 335) that a Jacobi process of dimension (^1,^2) is a 
solution of the stochastic differential equation 

dr(t) = 2y/Y{t)il-Yit))dp{t) + [rfi - (di + d2)Y{t)]dt, (6.2) 

where /5 is a standard Brownian motion. 

According to Warren and Yor [SU], there exists a Jacobi process {Y{t), t > 0) of dimension 
(2, 2 + 2k), starting from 0, independent of {Rl(t) + R2+2k.(J^)^ ^ ^ 0), such that 

V^>0, ^.. '^^ _ =YoAyiu), Ay(u) := / — — ^i-— -. (6.3) 



Rl{n) + Rl^2M Jo Rlis) + Rj_,,,{s) 

In particular, (Ay(t), t > 0) is independent of Y. As a consequence, for all r > 

{LUH{F{r))],H4F{r)]) 



YoAy{u) ^^ /•^(")"'^(^('^» [^°Ay(M)]AV(M)d 



4 suD 16 

«e[0,5{r)-iA{F(r))] 1 - F O Ay (m) ' 7o [1 - F O Ay(u)] 

4 .up -ZW .16/*' ^>,',d. 

«e[o,7(r)] 1 - Y{u) Jo (1 - Y{u)y 
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n 



12 



where 

-f{r) := AY[5{r)-^A{F{r))]. (6.4) 

Let Ok := 1/(4 + 2k) and let Ty^a^) := inf{t > 0, Y{t) = a^} be the hitting time of a^ 
by Y. Define 



Y{u) _ ^ ^^("«) Y{u) 



L{r) := 4 sup , ^^ , , H{r) := 16 / - 

Y{u) tW F(m) 



■du. 



(6.5) 



Lo(r) := 4 sup — --, HQ{r) := 16 / .\/ ... dw. 

We have 



' ue[Tyia^)Mr)] 1 - ^(«)' ' ry(a.) (^ " Y {uW^ 



(L+[i7(F(r))], if+(F(r))) = (max{L(r), Lo(r)}, /7(r) + /fo(r)) . (6.6) 

Moreover, on the event {TYia^) < 641ogr}, we have 

L(r) < — and H(r) < ^logr. (6.7) 

l-a^ (1 - a^y 

Observe that S{y) := JJ x(i-x)^+'^ ^^ ^ scale function of Y. Hence, there exists a Brownian 
motion (/?(t), t > 0) such that for all t > 0, 



Y[t + Tria^)] = S-'{f3[Uit)]}, U{t) := 4 / 

Jo 



As 



Y[s + Ty{a^)]{l - Y[s + Ty(a.)]}i+2« 



We now introduce some more technical estimates, stated as Lemmas 16. 1H6. 41 below. We 
admit these estimates for the moment, and then complete the proof of Lemma [3.31 

The proof of Lemmas I6.1H6.4I are given in Devulder JU] . Notice that ()6.9|) is proved 
during the proof of Lemma 8 in Devulder |10j . 

Lemma 6.1 Let {R(t), t > 0) be a Bessel process of dimension d > A, starting from Rq = 
-Rd-2(1); where (i?d_2(t), t G [0,1]) is {d— 2) -dimensional Bessel process. For any 63 G (0, |) 
and all large t, 



P 



ds 1 



logtJo R'^is) d-2 



>(1^^7)W}^-PH3e(logt)-3). 



Lemma 6.2 Let (5i > and define 

Er := {r^[(l - v-'^)Xv] < U{v) < r^[(l + v-'^)Xv]} . (6. 

If 5i is small enough, then for all large v, ¥(Ej) < ^-i/4+5<5i_ 
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Lemma 6.3 Let k, > and define 

L^(+cxd) := sup sup Lx{H{r),x) = sup supLx(t,x), H_{+oo) := lim H^{r). 

r>0 a;<0 t>0 x<0 r^+oo 

There exist C37 > and C38 > such that for all large z, 

P(Ll-(+<x,)>.) < -^, (6.9) 

P(ff_(+oo)>.) < (^^,J^^.„.,„ . (6.10) 



Lemma 6.4 Let {j3{t), t > 0) be a Brownian motion, and let A = 4(1 + k). We define 

MK,t,X):= [ y(l-y)«-%(r^(A),^)%, 0<K<1, t>0. (6.11) 

Jo '^ 

LetO<d<l and letO<e<l. 

(i) Case < k < 1; recall K^^k) from (j3.7p . There exist C39 > and C40 > such that for 

all large t, on an event Eg of probability greater than 1 — c^g/f^, we have 

(1 - e)Kp{K) - c^t^-^'"' < /s:2-^/"ti-i/V/3(/€, t, A) < (1 + e)Kp{K) + C4ot^"^/^ (6.12) 

(ii) Case n = 1: recall Cp from (j3.8j) . There exists C39 > such that for t large enough, on 
an event Eq of probability greater than 1 — c^g/f^, 

(1 - e)[Ci3 + 81ogt] < Ml,t,8) < (1 + e)[Ci3 + 81ogt]. (6.13) 

By admitting Lemmas l6.1H6.4t we can now complete the proof of Lemma 13.31 
Proof of Lemma 13.31 part (i). First, observe that 

2^-*! A. (1-5)^+'^ J/-1 /t(l-y)'^' 1-yy^i^ ^^^^ ^ ' 

Let Lo(r) := 4 sup [kS{Y{u))Y/''. We have, 

ne[Ty(a„),7(r)] 

Lo{r) = 4 sup [Kf3{U{u))]^/^ = 4 sup M(t)]^/^ (6.15) 

«G[0,7{r)-Ty(aK)] tG[0,C/{7(r)-Ty (a„))] 

Let e > and recall Lq from ()6.5|) . By ()6.14|) . there exists a constant C41 > depending on 
e such that 

|Lo(r) > C41} C |(1 - e)Loir) < L,{r) < (1 +£)Lo(r)} . (6.16) 
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We look for an estimate of f/[7(r) — Tyian)] appearing in the expression of -^o(^) in 
(I6.15|) . Recall (Dufresnes |TTj) that A^o = 2/7^, where 7^ is a gamma variable of parameter 
K, i.e., 7k has density fh\^~^x'^~^ for positive x. 

Notice that A{F{r)) < A^o- Hence, 



P[A(F(r)) > r^/^ < P[7« < 2r~2A] < 



K^-2 



2^^ 



kT(k) 



On the other hand, by definition, A{F{r)) = A^o — S{r) = A^o — e '^'"'^ (see (|3.1|) ). Hence 



P 



A{F{r)) < 



21ogr 



< P 



2 1 
— < — h 6(r) 

Ik 2 log r 



< 



1 



rfK)r2' 



Consequently, for large r. 



f\ -r -2 log log r < log[(5(r)"^A(F(r))] < -r + - logr I > 1 - ^. 

Recall that 7(r) = Ay[(5(r)"M(F(r))], see (jO|l . Thus, for large r, 

P < Ay [exp(— r — 2 loglogr)] < 7(r) < Ay[exp(— r H — logr)] > > 1 ;7. 

2 2 K \ r^ 



By definition, Ay(u) = J^ 



ds 



Rl(^)+Rl+2M 



Notice that {Rl{t) + Rj^^^{t) , i > 0) is a (4 + 2fi;)- 



dimensional squared Bessel process starting from -R2+2k('^('"))/^(^)- Hence, by Lemma l6. 11 
there exist constants ^3 G (0, |), C43 > and C44 > 0, such that for all large r. 



P Iy^ - C43r^/2+53 < ^(^^) < -^r + C43r^/2+^3| > 1 - 
I- A A J 



C44 
^2 ■ 



(6.17) 



where A = 4(1 + k), as before. 

To study the behaviour of Tyian), "we go back to the stochastic differential equation in 
()fi.2|l satisfied by the Jacobi process Y{-), with di = 2 and d2 = 2 + 2k. By the Dubins- 
Schwarz theorem, there exists a Brownian motion {B{t), t > 0) such that 

Y{t) = bU I Y{s){l - F(s))ds J + /" [2 - (4 + 2/€)F(s)]ds, t > 0. 

Recall that a^ = 1/(4 + 2^;) and consider t > 2ai^. Since Y{s) G (0, 1) for any s > 0, we 
have, on the event {Ty^o.^) > t}. 



^ mf^^i?(s) <B\^AJ^ Y{s){l - Y{s))ds^ < «. _ t < __. 
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Consequently, for t > 2aK, 



P(r,K) >t)<P ( „m|^,B(^) < 4) < 2exp [-± ] . 



(6,18) 



In particular, this yields P[Ty(aK) > 64 log r] < ^ for large r. Plug this into ()6.17p and 
define 7 = 7(r) := ^r — C45r^/^+''^ and 7 = 7(r) := ^r + C43r^/^+'^3. For C45 > C43, this gives 



P {f/(7) < ^[7(0 - Ty(a,)] < U{^) } > 1 - 
for large r. By Lemma [6.21 we obtain for small 5i > and large r. 



C46 



P ^/3 



yr)^i 



<f/[7(r)-TyK)]<r^ 



(1 + =^)^^_ 



> 1 - 



r.C47 



We choose 5i such that Si < 1/2 — ^3. Hence, for large r, we have (1 77)^7 > [1 — 

2{^y^r-^^]Kr = At_(r) and (1 + 4r)A7 < [1 + 2{^y^r-^^]Kr = At+(r). (see (jTHl)). Thus, 



P{r^[At-W] < f/[7(r) -TyK)] < r^[At+(r)]} > 1 - 



,C47 



(6.19) 



Since L±{r) = 4supjg[o,r;3(Ai±(r))]['«/^(^)]^'''^ (see (I3.10|l ). ()6.19j) and ()6.15|1 give, for large r, 

1 



P <^ L_fr) < Lnfr) < Ljr) > > 1 



J-C47 



By ()4.2|1 . P{L_(r) > r*^^ '^1)/'^} > 1 _ 1^ for all large r. Applying ()6.16|) . we obtain for large r, 

P |(1 - ey^-^''>/'' < (1 - £)L_(r) < Lo(r) < (1 + e)L+{r)\ > 1 - ^. 

Recall that P[Ty(aK) > 64 log r] < -^ for large r. In view of (j6.6p and (j6.7j) . for large r, 

P {(1 - e)r(i-^^)/- < (1 - e)L_(r) < Li[i7(F(r))] < (1 + e)L+(r)} > 1 - ^. 

On the other hand, applying Lemma lFT^ to z = fi'^-'^^t-)/'^ gives P(sup^^Q Lx{H{F{r)), x) > 
^(i-25i)/k) < P(L;^-(+oo) > r(i-2<Si)/K) < ^^^/^{i~25i)/(«+2) f^^ j^^gg ^^ ^j^j^j^ implies 



P (1 - £)L_(r) < LX,[HiFir))] < (1 + 2£)L+(r) > 1 



C37 



^C49 ^(1-2<5i)/{k+2) ' 

proving the first part of Lemma 13.31 D 

Proof of Lemma 13.31 part (ii). In this part, we assume < k, < 1. 
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Recall that i7o(r) = 16 /^^("^"^^("-^ [Jy'iu+THalw '^^^ see (Q. As in Hu et al. 
p. 3923), this leads to: 

Ho{r) = 4 / x(l - xr-^Lp[U{^{r) - Ty^)), S{x)]dx. 
Jo 

By fl6.19|) . we have, for large r, 

P [r (r) < Hoir) < /;(r)] > 1 - r'''^^ (6.20) 

where 

4(r) := 4 / a;(l-a;)'^-%{r^[At±(r)],5(x)}dx 

= 4t±(r) / a;(l-a;)«-2L^,^,,,{r^,^^^,(A),5(x)/t±(r)}da;, 

and as before, t±(r) = [1 ±2(^)'^ir-^i]fr and f3y{s) = (3{v^s)/v. Let Jfs be as in (IFTTTll . Then 

4(r)=4t±(r)J^^^(^J«:,t±(r),A]. 
Now, apply Lemma f6. 41 to d = 1/2. We obtain for large r, 

P{(1 -£)/_(r) < H,ir) < (l+e)tir)} > 1 - ^, (6.21) 

where /±(r) is defined in ()3.12p . 

In the case < k < 1, we use once again the inequality FlTyiatc) < 64 log r] > 1 — 2r~^ 
(for large r) and the estimate (j6.7|) . to see that F[H(r) < C51 logr] > 1 — 2r~^, for some C51 
and all large r. On the other hand, by Lemma [6. 3^ F[H^{F{r)) < er] > P[if_(+oo) < er] > 
1 (i-f]jl^/(K+2) ) for all large r. Consequently, by 1)6.211) and ()6.6|) . for large r, 

1 



P 



;i - e)L{r) < H(F{r)) < (1 + e)t{r) + — t+(r) 



> 1 - 



Changing the value of C3, this proves Lemma f3. 31 (ii) in the case < k < 1. 

Now we consider the case k = 1. As before, ¥[H^{F{r)) + H{r) < 2er] > 1 ^^ 

(for large r). By Biane and Yor |1], there exists C55 > such that Cf^^ = |Cg" + C55. 
Recall from Devulder {^^, equation (3.12)) that P[Cg'^ < —a; logr] < r~^ for x > 0. Hence, 
P[C/3t±M > -TTlogr] > 1 -r-2. Therefore, (|!rT^ gives p|/+(r) > 16t+(r)logr| > 1 -r^^. 
Consequently, for large r, 

< /J_(F(r))+F(r) <£/+(r)] > 1 ^ 



which, in view of ()6.2H) . yields that, for large r, 

1 



P[(l - e)/-(r) < H{F{r)) < (1 + 2e)I+{r)] > I 



r 



C57 



This proves Lemma f3. 31 (ii) in the case k, = 1. D 



28 



References 

[1] p. Andreoletti, Almost sure estimates for the concentration neighborhood of Sinai's 
walk, Preprint (2005+) . 

[2] M. T. Barlow and M. Yor, Semimartingale inequalities via the Garsia-Rodemich-Rumsey 
lemma, and applications to local times. J. Fund. Anal. 49, (1982) 198-229. 

[3] J. Bertoin, Levy Processes. Cambridge University Press, Cambridge, 1996. 

[4] Ph. Biane and M. Yor, Valeurs principales associees aux temps locaux browniens. Bull. 
Sci. Math. Ill, (1987) 23-101. 

[5] A. N. Borodin, and P. Salminen, Handbook of Brownian Motion — Facts and Formulae. 
Birkhauser, Boston, 2002. 

[6] Th. Brox, A one-dimensional diffusion process in a Wiener medium. Ann. Probab. 14, 
(1986) 1206-1218. 

[7] P. Carmona, The mean velocity of a Brownian motion in a random Levy potential. Ann. 
Probab. 25, (1997) 1774-1788. 

[8] A. Dembo and O. Zeitouni, Large Deviations Techniques and Applications. Jones and 
Bartlett Publishers, Boston, 1993. 

[9] A. Dembo, N. Gantert, Y. Peres and Z. Shi, Valleys and the maximum local time for 
random walk in random environment, 2005, http : //www-stat . Stanford . edu/ amir/. 

[10] A. Devulder, Hitting times of a diffusion process in a drifted brownian potential. 2005+ 
http : //www . eleves . ens . f r/home/devulder/. 

[11] D. Dufresne, Laguerre series for Asian and other options. Math. Finance 10, (2000) 
407-428. 

[12] N. Gantert and Z. Shi, Many visits to a single site by a transient random walk in random 
environment. Stoch. Proc. Appl. 99, (2002), 159-176. 

[13] Y. Hu and Z. Shi, The local time of simple random walk in random environment. J. 
Theoretical. Probab. 11, (1998) 765-793. 

[14] Y. Hu and Z. Shi, Moderate deviations for diffusions with Brownian potential. Ann. 
Probab. 32, (2004) 3191-3220. 

[15] Y. Hu, Z. Shi and M. Yor, Rates of convergence of diffusions with drifted Brownian 
potentials. Trans. Amer. Math. Soc. 351, (1999) 3915-3934. 

[16] S. Karlin and H. M. Taylor, A Second Course in Stochastic Processes. Academic Press, 
New York, 1981. 

29 



[17] K. Kawazu and H. Tanaka, A diffusion process in a Brownian environment with drift. 
J. Math. Soc. Japan 49, (1997) 189-211. 

[18] J. Lamperti, Semi-stable Markov processes, I. Z. Wahrsch. Verw. Gebiete 22, (1972) 
205-225. 

[19] P. Le Doussal, C Monthus and D. Fisher, Random walkers in one-dimensional random 
environments: exact renormalization group analysis. Phys. Rev. E 3, 59, (1999) 4795- 
4840. 

[20] P. Mathieu, On random perturbations of dynamical systems and diffusions with a Brow- 
nian potential in dimension one. Stock. Proc. Appl. 77, (1998) 53-67. 

[21] P. Revesz, Random Walk in Random and Non-Random Environments. World Scientific, 
Singapore, 1990. 

[22] D. Revuz, and M. Yor, Continuous Martingales and Brownian Motion, Third edition. 
Springer, Berlin, 1999. 

[23] G. Samorodnitsky and M. S. Taqqu, Stable Non- Gaussian Random Processes. Chapman 
& Hall, New York, 1994. 

[24] S. Schumacher, Diffusions with random coefficients. Contemp. Math. 41, (1985) 351- 
356. 

[25] Z. Shi, Sinai's walk via stochastic calculus. Panoramas et Syntheses (Eds: F. Comets & 
E. Pardoux) 12, (2001) 53-74, Societe Mathematique de France. 

[26] Z. Shi, A local time curiosity in random environment. Stochastic Process. Appl. 76, 
(1998) 231-250. 

[27] Ya. G. Sinai, The limiting behavior of a one-dimensional random walk in a random 
medium, (English translation). Theory Probab. Appl. 27, (1982) 256-268. 

[28] F. Solomon, Random walks in a random environment. Ann. Probab. 3, (1975) 1-31. 

[29] M. Taleb, Large deviations for a Brownian motion in a drifted Brownian potential. Ann. 
Probab. 29, (2001) 1173-1204. 

[30] J. Warren, and M. Yor, Skew products involving Bessel and Jacobi processes. Technical 
report. Statistics group. University of Bath, (1997). 

[31] M. Yor, Local Times and Excursions for Brownian Motion: A Concise Introduction. 
Lecciones en Mathematicas, Universidad Central de Venuezuela, 1, 1995. 

[32] O. Zeitouni, Lecture notes on random walks in random environment. Ecole d'ete de 
probabilites de Saint-Flour 2001. Lecture Notes in Math. 1837, pp. 189-312. Springer, 
Berlin, 2004. 



30 



